We review and extend the theory of tomographic dose reconstruction for intensity modulated radiotherapy (IMRT). We derive the basis for a saturation with beam number of dose conformation, and provide an analysis which ranks particular beam orientations in terms of the contribution to the delivered dose. Preferred beam directions are found which effectively reduce the number of beams necessary to achieve a given level of dose conformation. The analysis is a new application of the 
Introduction
Intensity modulated radiation therapy (IMRT) involves the delivery of multiple modulated x-ray beams at various orientations relative to the patient. The goal is the delivery of a lethal radiation dose to the tumor volume (TV) with minimum dose to normal tissues and organs-at-risk (OARs). The dose inversion problem is the determination of the best combination of beam orientations and modulation patterns to approximate a prescribed dose. In practice, these are often found by trial and error simulation studies of the delivered dose by the medical physicist and physician, guided by their experience base. However, the large number of possible beam angles and modulation patterns make this approach to an optimal dose plan difficult and time-consuming for IMRT.
Many computational methods of solving the inversion problem in radiation therapy have been studied. Some examples include simulated annealing (Webb 1989 , Webb 1991 , Mageras and Mohan 1993 , constrained random search (Neimierko 1992), maximum likelihood estimation (Llacer 1997 ), projection onto convex sets (Lee et al 1997 , Cho et al 1998 , linear programming (Rosen et al 1991) and non-linear feasibility search (Censor et al 1988) . Reviews are found in Webb 1993 and Boyer 1993 . In the early 1980s it was realized that the tomographic theory of projections could be used to approximate the relationship between intensity modulated beams and the delivered dose (Brahme et al 1982) . A series of articles demonstrated that the same powerful mathematical framework used in CT, MRI, and ECT to reconstruct tissue images from projections could be used to solve the inverse problem of determining beam orientations and modulation patterns from a dose prescription (Cormack 1987 Among the advantages of the tomographic approach is that it is very intuitive, building into the mathematical formalism the use of beam's-eye-view projections of the tumor to define the beam front. The projection automatically compensates for fluence attenuation as the tumor is traversed, so that normal tissue exposure is reduced. In addition, the projection formalism is cast in such a way that basic results can be derived analytically for simple tumor shapes. Furthermore, the method avoids many of the numerical difficulties of search algorithms as each orientation is independently processed in projecting the dose onto the beam front. This becomes especially relevant when full 3D geometries are considered with a large number of potential beam locations and modulation patterns (Gregerson et al 1995, Levine et al 1999) . While IMRT beam numbers have been determined for some important cases such as the prostate (Stein et al 1997) , the factors increasing beam numbers, such as dose resolution, may force consideration of many more beams for precision conformal therapy. Unlike standard tomographic reconstruction of images from measured projection profiles, the inversion of the prescribed dose results in photon fluences which may be negative and therefore unphysical. This must be removed by a positivity constraint, a condition that directs the unavoidable exposure to nearby healthy tissues. The tomographic analogy for IMRT is further complicated by low beam numbers and a beam/dose model with fluence attenuation and electron transport; effects that must be incorporated into an approximate tomographic model. However, unlike in CT, the goal of the reconstruction, the prescribed dose, is known apriori. Therefore, optimum beam orientations are derivable.
In this paper the theory of tomographic dose reconstruction is reviewed and extended. The results of the theory are applied to simple geometrical shapes to illustrate the basic results, and to more complex and realistic dose prescriptions. One of the main issues considered is the number of beams required to reconstruct a given prescribed dose; and the existence of preferred beam directions which may be used to reduce the number of beams sufficient to achieve a certain level of conforming dose.
The consensus in beam orientation determination appears to be that for more than about five beams, there is negligible improvement over a uniform array of beams (Bortfeld and Schlegel 1993, Oldham et al. 1998) . With fewer numbers of beams, however, preferred directions can be obtained by a global search in the space of beam orientations with multiple local minima (Bortfeld and Schlegel 1993) . Oldham et al (1998) have similarly illustrated the idea of preferred directions with the use of a "beam-cost plot" of an objective function which depends on the couch and gantry angles. Llacer (1997) derives preferred beam directions from a curvature-based measure of the prescribed dose function. A goal of the present work is to motivate the existence of these preferred directions by setting them on a firm mathematical foundation through consideration of the frequency space properties of the prescribed dose function. Our approach is based on the properties of the prescribed dose in frequency space through the tomographic Projection-Slice Theorem, which also provides an estimate of the required beam number from the number of cylindrical harmonics in the Fourier transform. While the conclusions are similar to the above mentioned references, the application of tomographic sampling theory to IMRT inversion in this way is to our knowledge unique.
The choice of optimum beam number and orientations that are clinically achievable is not well understood. Current treatment protocols involve fewer than 20 beams, which can be an extreme undersampling of the optimum continuous beam profile functions. In the literature, IMRT beam number estimates range from 32 on a cylindrically symmetric phantom (Webb 1989) , nine coplanar beams for nasopharynx (Bortfeld et al 1990) and prostate , 5-6 beams for prostate (Spirou and Chui 1998) , to as few as 3-5 beams for general treatment (Oldham et , Cardinale et al 1998 to concave tumors suggest the need to examine the tradeoff between the dose edge and tumor dose heterogeneity with many beams. Because this trade-off involves the delivered dose function frequency content, a more general framework for the analysis of beam number and orientation, as presented here, may be useful.
The effects of the physical constraint of positive beam profiles on the tomographic inversion algorithm and on the achievable delivered dose are also considered. We illustrate these effects with simple examples and find that, while this constraint results in unavoidable normal tissue exposure, the tomographic approach is superior to dose projection alone even with small beam numbers. The effects of the mathematical beam front filter, a high pass filter which is part of the tomographic formalism and is important in achieving a conforming dose (Bortfeld and Boyer 1995) , are also discussed. A natural generalization of the filters is suggested for small beam numbers.
In Section 2, the formal theory for IMRT inversion including fluence attenuation and electron transport is presented. For clarity, we restrict our analysis to two dimensions, but have already shown how the theory can be extended to three dimensions (Gregerson et al 1995, Levine et al 1999) . The basis for beam number saturation and the ranking of beam orientation from a given prescribed dose is derived. In Section 3, we illustrate beam number saturation and preferred orientation effects with a Gaussian ellipse dose prescription, for which results can be obtained analytically, and discuss the effect of the beam front filter and the positivity constraint on the delivered dose. In Section 4, these issues are examined numerically with a series of geometric shapes closer to a clinical prescription: convex dose functions including an elliptical dose function, a "peanut" shaped tumor, an elliptical shaped tumor with an organ-at-risk, and more complex concave dose functions including a "butterfly" shaped tumor, and a "horseshoe" shaped tumor enclosing an organ-at-risk. We find that beam number and preferred direction effects, as well as the importance of including the beam front filter, carry over to the more realistic dose prescriptions. The conclusions follow in Section 5.
Tomographic IMRT Formalism

Dose Inversion
In this section the formalism of tomographic dose delivery in two dimensional IMRT is reviewed The generalization to three dimensions, which permits enhanced dose conformation and organ-at-risk shielding, can be found in Levine et al. 1999 . Figure 1 contains the description of 2D tomographic IMRT consisting of a gamma ray beam profile ) , ( s f θ at an angle θ relative to the tissue space coordinate system. The treatment beam rotates at a radius 0 R about the treatment isocenter, which is typically in the center of the tumor. It is assumed that the projected extent of the treatment volume is contained in the modulated beam front.
The total dose to the point x v in the tissue is the integral over θ of the dose due to )
to be the distance in air from the tissue surface to the beam front (at θ⋅ = x s v ) along a ray that intersects the point x v . As seen in figure 1 , θˆ denotes the vector ) cos , (sin θ θ − along the beam front and ) sin , (coŝ θ θ θ = ⊥ is normal to the beam. For notational clarity, the superscripts ∧ and → on θˆ, ⊥ θˆ, x v and y v will be removed from dot products in the remainder of this section. The depth in tissue to the point x v along the ray is given by
The photon fluence ) , ( θ θ ⋅ x I from the beam front location θ ⋅ = x s is assumed to be exponentially attenuated in the tissue with attenuation constant µ . The result is
Radiation dose
results from the interaction of the photons with electrons primarily by
Compton scattering and pair production (Johns and Cunningham 1983) . It is assumed that the effects of subsequent electron transport can be modeled as a 2D convolution of the photon fluence in the
where there is, in general, a beam angle dependence in the dose kernel κ . The dose kernel from beam θ at the point x v is roughly an ellipse whose long axis extends along the direction 
reflecting rotation of the kernel with the beams. Figure 2 contains a representation of multi-beam dose delivery in which the rotated kernels in Eq. (4) are shown.
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The total tomographic dose is given by the integral over all beam directions as
which upon substitution of equation (1) yields
Changing the y v integration variable to θ ξ ⋅ = y and
Defining the θ -independent scattering kernel
the expression in equation (7) is written in the desired form,
where ⊗ denotes the one-dimensional (beam front) convolution, and
is the modulated beam front f compensated by the factor 
The goal of IMRT planning is the inversion of equation (11) to obtain a beam profile ) , ( s f θ for a prescribed dose function D P = . The formal inversion of equation (11) follows from a theorem that states that for any function
where
is the attenuated Radon transform and 
where ∧ denotes Fourier transform, and where σ is the spatial frequency variable. The expression in equation (12) suggests that for a prescribed dose function D P = , the inversion of equation (11) is given by
This is the basic result of tomographic IMRT inversion relating the prescribed dose to the beam front. The inversion algorithm suggested by equation (15) consists of a µ -compensated projection of the dose, defined in equation (13) 
Beam Number Saturation
The number of beams required for 2D tomographic reconstruction is a classic problem in the field addressed in Crowther et al 1970. In this section a similar argument is used to obtain beam number estimates based on equation (11) and the Projection-Slice Theorem. We will show that the expansion of the prescribed dose in cylindrical harmonics is related to the number of beam directions. This relationship puts a condition on the number of beams required to reconstruct a given prescribed dose. As an aside, it is interesting that inversion of dose cylindrical harmonics was recently proposed as the basis of a tomographic IMRT reconstruction algorithm (Cormack 1998,
Oelfke and Bortfeld 1999).
The Projection-Slice Theorem (Natterer 1986 ) states that for a function, ℜ → ℜ 2 : g , the Fourier transform of the projection is related to a slice of the 2D Fourier transform by
Multiplying both sides of equation (15) µ is large compared to the length scales in the prescribed dose function (Johns and Cunningham 1983) , so it is dropped in the following discussion. In the limit
which relates the 1D beam front Fourier transform to a slice of the 2D dose Fourier transform.
Expanding the 2D dose function D in N cylindrical harmonics, we have
Note from equation (18) that the set of coefficients
, which completely determines the dose function, is linearly related to the set of beam modulation patterns for fixed σ . Assuming M beams
The required beam number to determine the unknown harmonic coefficients
where N is determined by the condition
In traditional image reconstruction, the condition in equation (21) is related to the spatial frequencies and size of the reconstructed object using the Bessel Function transform between the cylindrical harmonics of Fourier transform pairs in two dimensions (Crowther et al 1970) . The result is an approximate sufficient beam number given by
where R and W are the radius and maximum spatial frequency of the reconstructed function, respectively (Bortfeld et al 1990) . This "Bow Tie" condition is a very conservative bound arising from the Debye approximation for Bessel functions with large order (Natterer 1986, Crowther et al 1970, Lindgren and Rattey 1981) . Because the dose function is known apriori in IMRT, however,
in equation (19) is possible for a direct estimate of required beam numbers. This is shown in Section 3 for an elliptical Gaussian dose, where the harmonic coefficients can be determined analytically, as well as other more clinical prescribed dose functions.
Beam Orientation Metric
In this section tomographic IMRT is applied to obtain an approximate orientation metric for beams; that is, an angle-dependent function ranking beam orientations for the relative contribution to dose reconstructions. Consider the overlap of two beam profiles
and of two tissue space dose functions
given by
It can be shown that the dual Radon transform in equation (11) for 0 = µ is, in fact, the metric dual of the Radon transform (Natterer 1986 ). In terms of the definitions in equations (23) and (24), this relationship can be expressed as
for arbitrary dose ) (D and profile ) ( f functions. For a prescribed dose function ) (x P defining the beam profile in equation (15), the delivered dose from the
where H is defined in equations (10) and (15) with
which upon substitution of equations (10) and (15) yields
The expression on the right-hand side of equation (28) 
so that maximum overlap ] , [ D P corresponds to minimum discrepancy between delivered and prescribed dosages. The normalization condition is only approximately valid in IMRT because the dose is usually normalized to % 100 tumor coverage by the prescription, rather than an integral
. In Section 3 the measure is applied to an elliptical dose prescription for an analytical estimate of optimum beam orientations. In addition, more general beam orientation criteria based on sampling theory is suggested.
Analytic results for the Gaussian Ellipse
In this section the formalism developed in Section 2 is applied to simple dose functions to illustrate basic results, including beam number saturation and orientation effects. This is done with a Gaussian ellipse prescribed dose for which tomographic IMRT beam fronts and other properties can be derived analytically. Beam front positivity constraint and sampling effects are also discussed with this model. In Section 4, we demonstrate numerically how these results extend to more clinically relevant prescribed dose shapes. The results taken together demonstrate heuristic guidelines for the inversion problem derivable from tomographic IMRT.
Beam Thresholds
In this section an elliptical Gaussian dose function centered at ) , (
is used as the input to IMRT dose inversion. Although equation (30) does not represent a typical prescribed dose function, it provides an analytic testbed for the concepts discussed in Section 2.
In Section 2 it was suggested that the number of beams required for dose reconstruction is linearly dependent on the number of cylindrical harmonics in the Fourier transform of the dose function. This number can be computed analytically for ) , ( y x P in equation (30) 
where without loss of generality,
. By repeated use of the identity
the expansion in equation (19) is computed for )
where } { n J and } { m I are the Bessel and associated Bessel functions, respectively. In the limit 0 → r , equation (34) is written,
A comparison of equations (34) and (35) suggests that the effect of a tumor offset ) 0 ( ≠ r is to addin lower ordered Bessel functions to the harmonic coefficients, and thereby increase the relative value of the coefficient. The resulting increase in beam number suggests the intuitive fact that the most efficient use of beams is with the isocenter at the center of the tumor. 
Beam Metrics and Preferred Orientations
We now derive the beam metric as described in Section 2, and rank the relative importance of particular beam orientations for the Gaussian ellipse dose prescription. This is done by computing the overlap of the prescribed dose and the delivered dose from a particular beam direction as shown in equation (27) . We first use equation (15) to derive the beam front, and then find its overlap with the prescribed dose.
Neglecting electron transport effects ( 0 κ is not considered) and assuming the tumor is small compared to the attenuation length ( 0 = µ ), substitution of equation (30) into equation (15) yields the IMRT beam front,
and
Substitution of equation (30) into equation (13) with 0 = µ yields the Radon transform of the
which is, as expected, a Gaussian function with angle-dependent width. The substitution of the positively constrained expressions in equations (36) and (39) into equation (27) yields the overlap contribution of the beam at angle θ to the Gaussian dose prescription,
where E and ω are given in equations (37) and (38) , and Ω is one minus the Theta function
, and 1 ) ( = Ω r , otherwise). The parameter 0 ξ in equation (40) is the point along the beam front where the fluence becomes negative (see figure 6 ). Changing the integration variable to
where J is the numerical constant
Equation (41) 
M M >
, and the narrow projection direction will be preferred.
The beam selection metric can reduce the number of beams necessary to reconstruct the prescribed dose compared to using beams evenly spaced around the tumor. Dose conformation for the Gaussian ellipse was judged by a scatterplot, which is defined as a plot of delivered versus prescribed dose over the set of pixels in the tissue. The limit of perfect reconstruction is revealed by the alignment of the scatterplot along the 45 0 line, where the delivered and prescribed doses are equal. The delivered dose is obtained by the application of equations (10) and (11) to beam fronts defined by equation (15) with the Gaussian ellipse dose described above. Although these functions are analytic, finite sampling here and elsewhere in this study was done at 0.1cm for convenience. The
Nyquist limit for this sampling is 5cm -1 , well above the frequency content in the prescribed dose shown in figure 3 . Numerical results were compared with analytic results for accuracy. For these calculations and those elsewhere in the paper, attenuation and electron scatter effects were neglected. figure 3 , this overdose becomes slightly worse. With 10 beams, the overdosing is severe so that low prescribed dose regions receive as much as 50% of the delivered dose, and there is more variability in the high dose regions. On the other hand, clustering the 10 beams around the "metric" direction removes this overdosing and the results approach the quality of the 18 beam treatment.
Beam Front Filtering and the Positivity Constraint
A non-intuitive component of tomographic dose inversion in equation (15) is the high-pass filter (14), which arises mathematically from the Fourier space coordinate transformation in the Projection-Slice Theorem (Natterer 1986 ). The filter is the source of negative fluence in equation (15) 
which is numerically equal to about . 0 . 10 In figure 6 the beam front function, ) , ( s f θ in equation (36) , is plotted at θ of zero for the Gaussian ellipse in equation (30) 
Sampling Effects and Beam Front Filtering
In practice, the beam front ) , ( s f θ in equation (15) The other frequency scale in the problem, due to sampling in θ , is the "Bow Tie" condition in equation (22) , R N W π 2 max = ′ , which depends on the size and spatial frequencies in the delivered dose.
In tomographic imaging, an additional weighting function or taper reducing high frequencies is usually applied to the beam front filter to mitigate measurement noise (see figure 8 ). Tapered The classical "Bow Tie" condition in equation (22) In Section 4.1, simple convex prescribed dose shapes are examined to illustrate "beam selection"
based on the beam overlap metric. By selecting beams where the metric is largest, a delivered dose can be achieved which approaches the results for larger numbers of evenly spaced beams. Section 4.2 extends these ideas to more complicated concave prescribed dose shapes which can surround a sensitive organ. For these more complicated shapes, beam selection is less pronounced. However, it is shown that it is crucial to include beam directions where the metric is large, especially for low numbers of beams. Figure 10 shows results for a "hard ellipse" dose prescription defined to be 1.0 inside a set of points (x,y) such that The interpretation of tomographic IMRT as a frequency space sampling problem applies as well to "hard" dose prescriptions. The 2D Fourier transform of the hard ellipse dose prescription
Convex Dose Functions
where 1 J is the first order Bessel function and ) , ( for the entire volume. In general it was found that removing the filter or significantly decreasing the high frequency content of the projected dose also removed the benefits of beam orientation selection. Figure 12 shows results for a "peanut-shaped" tumor consisting of two overlapping spheres with radii of 1.0cm, meant as a prototype for cranial tumors treated with two isocenters (Shiu et al 1997) .
As with the hard ellipse, the contour plots appear to achieve a more conforming dose with increasing 10% over the tumor and markedly less organ-at-risk dose than any of the other plans. In this case the directions which contribute most to a conforming dose minimize exposure to the organ-at-risk, effectively decreasing from 24 to 4 the number of beams required to achieve a conforming dose. Figure 14a shows a "butterfly" shaped prescribed dose, consisting of two overlapping ellipses.
Concave Dose Functions
This case is similar to a case examined by Bortfeld and Schlegel 1993 and many other investigators.
In their study Bortfeld and Schlegel 1993 found through a simulated annealing search over angles that for three beams the optimal beam directions were roughly along the long axes of the two ellipses and along one of the diagonals to these axes. We note that these directions along the long axes are the preferred directions seen in the convex single ellipse case examined above. In the figure this would correspond to directions 0 0 (north-south) and 90 0 (east-west) for the long axes along the ellipses, and 135 0 (northeast-southwest) for the diagonal. A plot of the metric overlap function for this prescribed dose in figure 14e shows that this function is largest along these same directions, although in general for concave shapes the metric functions are much less dependent on angle than for the simpler convex prescribed doses examined above. Figure 15a shows the prescribed dose function for a "horseshoe" shaped tumor surrounding an organ-at-risk. The prescribed dose for the tumor is set to 1.0. To reduce dose to the organ-at-risk an unphysical dose prescription of -0.1 was assigned to it. Like the "butterfly" tumor examined above,
we have found that above a certain number of beams, beam placement is not significant, as long as they evenly cover the angle space. Figure 15b shows the delivered for 12 evenly spaced beams from 0 0 to 180 0 which results in a good conforming dose. However, for lower numbers of beams it is important to explicitly include the directions where the beam metric overlap function is large. Figure   15e shows the beam overlap function for this prescribed dose which has maxima along the 0 0 (northsouth) and 90 0 (east-west) directions. These are along the long-axes of the component ellipses which make up the prescribed dose function. Figure 15c shows the delivered dose for 6 "metric" beams 
Conclusions
We have reviewed and extended the theory of tomographic dose reconstruction. We derive the basis for a saturation with beam number of dose conformation, and provide an analysis which ranks particular beam orientations in terms of the contribution to the delivered dose. Preferred beam directions are found which effectively reduce the number of beams necessary to achieve a given level of dose conformation. This is done by formally connecting the problem to the tomographic Fourier 
